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Abstract

The paper presents the use of renormalized denominator function in the construction of suitable
discrete model that can be used for numerical analysis of initial value problems arising from
second order ordinary differential equations. In the paper, we used the nonstandard rule on
renormalization of denominator functions to construct qualitatively suitable numerical model for
some second order ordinary differential equations.
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Introduction

The mathematical formulation of several physical phenomena results in differential equations
which are usually non-linear. Researchers attempts the solution to such equations by replacing
the non-linear equations with related linear equations which approximates the original equation
in such a way that it produces solution that behave close enough to the dynamics of the
behaviour of the original phenomena.

However, such “linearization” is not always feasible. This being the case, mathematicians result
to various forms of approximations that are used to arrive at some desired result. In general,
numerical models have been in the fore front of such approximations. A lot of researchers had
worked on discrete models for non-linear differential equations. These include Anguelov and
Lubuma (2003), Fatunla (1988), Mickens (1981), Mickens (1994) and Stretter (1973) to mention
a few.

In this research work, we shall create new discrete model for the solution of some special linear
and non-linear ordinary differential equations.

In particular, we shall consider the following equations

i V'V ax

i. Y -x@E)E=0

i v -2 —y)=0

Derivation of the Scheme

The general nonstandard finite difference scheme for second order ordinary differential equation
can be derived by replacing the first and second order derivatives in the following manner in line
with the rules of Fatunla (1988) and Mickens (1994).

}F” E-""Ff+'__2.:c+ Me—a (1)
where @(h) —h*+0(h*)ash =0 y' = ':J'FH;_FL:]' @
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where @(h) —=h+0(h*)ash =0

1= =By
y =S ﬂ ®)
where @(h) —h+0(h*), f(h) +1ash =0

i — e Pye—4)
y = Q) @)

where @(h) —h+0(h%), f(h)=1ash =0
Suitable functions for the above include
-h
h“(aTqJ

@ = 4sin’ (hfzj , PE— 5)
foroc >0 -

= o< sin(h) or sin(o< k) o« > 0, Y= 'A'lj' LeR (6)
B = cos(h) @)

Moreover grid point calculations will be approximated non-locally
Numerical Experiments

Example 1
y'y o= 4x,y(1)=5y(1)=2 (8)
Zill and Cullen (2005) gives the analytic solution as
y=x?+4 ©)
SchemelA
Using transformation equations (1 - 4) in equation (8), we have
T e gl L P )

g (S| = 4 (10)
Ve~ et s [ —ve-a)|

: [ > ] =4« (11)

dgix

Vir1 = 2V — Vg T [m] (12)

fAh_
@ = 4sin’ (h,fzj, Equation (11) now becomes & - 1:', forkeR

SchemelB
Changing the denominator function ¢ in (12), we have
agibx
Vi1 = 2V = Vier [m] (13)

@ = 4sin’ (hfzj , ¥ =sin(ec h) o< e R

Scheme2A
Adding the control function B to (11) as in equation (4), we have
Viewa~ 2 tog s (O —Fye-o)| _
2 s [DaBreel] = 4 (14)
dpidx
V41 =2V — Vg T [.j}}—mﬁyk_._}] (15)
. 2k — ':E'J'h_lj y —
g;,:d}sm(fzj,ﬁr— n ,JheR, B =cos(h)
Scheme2B

Changing the denominator function ¥ in (15), we have
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_ dpihx
Vi1 =2V — Ve T [m] (16)
@ = él-sinz{hfz} W=sin(x h),xxeR, f = cos(h)
h=0.01
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Fig 1: Theschemesof y" y' = 4x, v(1) =05, y'(1)=2,h=0.01
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Fig 2: Absolute Error curve for y" ¥ = 4x, y(1) =5, y'(1)= 2
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Fig 3: Absolute Error curve for y" y' = 4x, y(1) =5, y'(1)= 2
In this schemes « = 1, none of the parameters was manipulated for S2B
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Fig 4: The schemes of y" ¥' = 4x, y(1) =5, y'(1) = 2

h=0.003125
_ 0.0004
I_%0.0003
go.oooz =@=E1
5 0.0001 2
2 0
<
IS IS - i B R I
L I B B B B B B |
t

Fig 5: Absolute Error curve for ¥" ' = 4x, y(1) =5, y'(1)=2

Example 2
¥ —x(¥)?=0y(0)=1y'(0) =
Zill and Cullen (2005) gives the analytic solutionas ¥ = 1+ %ln [z*—"]

2-x
SchemelA
Using transformation equations (1 - 4) equation in (17), we have

Yz~ IVp 4tV = ¥ [(3'?{+1_5"k}i|2
@ &

B SRy ST x [fﬁ'k_?'k—ﬂ]z
® g

px
Vis1 T2V, — Veq T ) 'U'k - Fk—ﬂz

, _ (")
@ = 451712[&}'2}, = 7
SchemelB
Changing the denominator function ¢ in (21), we have
V41 =2V — Vs T % (e = ¥ie-e)?

@ = 4sin® [h}'z}, 1 =sin(oc h), < e R
Scheme2A
Adding the control function f to (19) as in equation (3), we have

Yz T I+ R = x [(3"?{+1_1E5"k}i|z
® W

AeR,

(17)
(18)

(19)

(20)
(21)

(22)

(23)
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_ _ 2
Y+ z:k"'-}'?c—:l = x [(J’i‘f iyk—:.}] (24)
Y1 =

S P % (e — Byi-1)* (25)
@ = 4sin’ [hfz}, P = {B‘l;_l] ,LeR, B =cos(h)

Scheme2B

Changing the denominator function ¥ in (25), we have

Ves1 =

2V = VY1t % O — By—y)? (26)

@ = 4sin® {hfz} W=sin(ec h),cceR, f =cos(h)
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Fig 6: The solution curves of the schemes of ¥" —x (y')* = 0,¥(0) = 1,y¥'(0) = 2
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Fig 7: Absolute Error function for the schemes of ¥" — x (y')? = 0,y(0) = 1,y'(0) = S
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Fig 8: The solution curves of the schemes of ¥ —x (y")* = 0,¥(0) = 1,¥'(0) = %
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Fig 9: Absolute Error function for the schemes of y" —x (y")* = 0,¥(0) = 1,y'(0) = %

Example 3

nr ¢ v 1
V' -2y —y)=0y(0)=1y'(0) =3 @7)
Zill and Cullen (2005) gives the analytic solution as v = cos(x)e* ™™ (28)
SchemelA
Using transformation equations (1 - 4) in equation (27), we have
Mz~ 2ty — (-}"rfﬂ-_yk}_ —

@ 2 [ W ] 2V (29)

R o g — (-}hrf_yk—i}_ _
e 2 [ ) ] 2yyq (30)
}’k2+1 = ,

f"’z:l}’k_ {1+f+ 20) Vi1 (31)

@ = 4sin’ {hfzj = [Elz_lj S eER,

SchemelB
Changing the denominator function ¥ in (31), we have
¥Yre+1 =
%+23yk— (1+%+ 2¢) Vi1 (32)
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@ = 451:“2{:}1}'2} i :sin{:tx h},DC ER.

Scheme2A

3"?{+1_Z$i'c+3"?{—1 =9 [m-im_i}] — 2y, (33)
Adding the control function B to (30) as in equation (4), we have

Ves1 =

(T +2ye— 1+ + 20) Vs (34)
@ = él-smzl[hfz} w— 1] JLeR, B =cos(h)

Scheme2B

Changing the denominator function ¥ in (34), we have

¥r+1 =

(Z 42y — (1 + 24+ 20)y4 (35)

@ = 4sin® {:h}:"z} P _5111{::{ h),cceR, § =cos(h)
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Fig 10: Solution curves for the scheme of ¥" — 2(y' —¥) = 0,y(0) = 1,¥'(0) = %
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Fig 11: Absolute error function of the schemes of y" —2(y' —¥) = 0,y(0) = 1,y'(0) = %
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Fig 12: Solution curves for the scheme of ¥" —2(y' —¥) = 0,¥(0) = 1,y (0) = 3
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Fig13: Absolute error function of the schemes of ¥v" —2(y' —y) = 0,¥(0) = 1,¥'(0) = 1

Conclusions and Discussion of Results

All the schemes with subscript A (S1A, S2A) have exponential denominator functions while all
those with subscript B (S1B, S2B) have trigonometry (sine) denominator functions. It will also
be noted that all the second schemes S2A, S2B have control functions cos(h). Control functions
are intended to vary the discretization function. It is a means of normalizing and controlling the
discrete derivatives. Similar method has been introduced in Mickens (1994)

The numerical experiment has shown that all the derived schemes have the same monotony with
the analytic solution see figures 1, 3, 6, 8, 10 and12. The solution curves followed the same
pattern. The error functions also showed that all different schemes produces different errors .The
errors of the schemes with exponential denominator functions followed the same pattern
whether discrete derivatives are controlled or not with see figures 2, 4, 7, 9, 11 and 13. The
scheme with denominator (sin (h)) behave erratically if the derivatives are not controlled, this is
very consistent with our earlier results in Obayomi and Olabode (2014)

In this paper, we have presented the results for two values of h (0.01 and 0.003125), we can
easily see that the schemes behave in the same pattern for 0 << h << 1. We therefore conclude
from the numerical experiments that these schemes are suitable for the simulation of second
order ordinary differential equations as proposed.
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